We present the first analytical computation of the (conservative) gravitational self-force correction to the periastron advance around a spinning black hole. Our result is accurate to the second order in the rotational parameter and through the 9.5 post-Newtonian level. It has been obtained as the circular limit of the correction to the gyroscope precession invariant along slightly eccentric equatorial orbits in the Kerr spacetime. The latter result is also new and we anticipate here the first few terms only of the corresponding post-Newtonian expansion.
Analytical results to a high post-Newtonian (PN) level from gravitational self-force (GSF) theory provide fundamental information for an accurate dynamical description of two-body systems in the extreme-mass-ratio limit, i.e., when one body is much more massive than the other, and in the weak field regime. Furthermore, such information can be successfully converted into other approximation methods useful for modelling comparable-mass binary inspirals, like the Effective-One-Body (EOB) model [1] [2] [3] , which is currently improving thanks also to GSF calculations (see, e.g., Refs. [4] [5] [6] [7] [8] ). In the past few years several gauge-invariant quantities have been computed in the framework of black hole (first-order) perturbation theory, including metric-based quantities, like the redshift factor of the particle's orbit, connection-based quantities, like the precession angle of a gyroscope, and curvature-based quantities, like the tidal invariants, all measured along the world line of the perturbing body, starting from the simplest situation of circular orbits in a Schwarzschild spacetime, later generalized to a Kerr spacetime and to eccentric orbits (see, e.g., Refs. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] ).
In this Letter we provide the first analytical computation of the (conservative) gravitational self-force correction to the periastron advance around a Kerr black hole, obtained as the circular limit of the correction to the spin-precession invariant along slightly eccentric equatorial orbits (which is original too, but will be presented in a separate work [29] ; we anticipate here the first few terms only of the PN expansion). Our result is accurate to the second order in the rotation parameter and through the 9.5PN level. Previous studies on periastron advance in spinning black hole binaries with aligned spins on quasicircular orbits have been performed only through semianalytical and numerical methods, also taking advantage of available numerical relativity (NR) simulations (see Refs. [31] [32] [33] and references therein). We confirm such numerical predictions, and pave the way for an even more enhanced synergic use of all these approaches, being the periastron advance a key observable to test and improve the modeling of binary dynamics.
Spin-precession invariant -Let us shortly recall the basic steps underlying the derivation of the spin precession invariant ψ and its first-order GSF correction ∆ψ. Consider a binary system consisting of a spinning compact body (of mass m 1 and spin S 1 such that |S 1 |/m 2 1 ≪ 1) and a Kerr black hole (of mass m 2 and spin S 2 , withâ = S 2 /m 2 2 dimensionless) in the extreme-massratio limit (i.e., q ≡ m1 m2 ≪ 1). According to the GSF approximation scheme, the small body can be considered as following an eccentric geodesic orbit in a suitably regularized perturbed spacetime g
, while its associated spin vector is paralleltransported along it. The regularized (R) perturbed metric is decomposed as
whereḡ αβ is the background (Kerr) spacetime with mass m 2 and angular momentum m 2 2â , and q h R αβ is the firstorder GSF metric perturbation. Let us denote by Ω r = 2π/T r and Ω φ = Φ/T r the radial and (averaged) azimuthal frequencies, respectively, in the perturbed spacetime, with T r the radial period and Φ the accumulated azimuthal angle after a full loop, defining in turn the periastron advance K = Φ 2π ≡ 1 + k. The spin precession is conveniently measured by the dimensionless quantity
where Ψ is the precession angle accumulated by the spin vector over one period of radial motion. The GSF correction ∆ψ to the spin-precession invariant ψ = ψ(m 2 Ω r , m 2 Ω φ ,â; q) can be computed following the procedure outlined in Refs. [25, 30] for fixed values of the orbital frequencies, finally re-expressed in terms of the (inverse) dimensionless semi-latus rectum u p = 1/p and the eccentricity e parametrizing the unperturbed orbit. ∆ψ has been computed in Refs. [26, 27] in a Schwarzschild spacetime by a small-eccentricity expansion (at O(e 2 )) and through a high PN order, using the Teukolsky formalism and a PN-expanded metric perturbation in the radiation gauge. We refer to these works for a detailed account on the calculation of the metric perturbation and related issues, including regularization and metric completion. We have extended such a calculation to the Kerr case, by computing ∆ψ to the second order both in the black hole rotational parameter and in the eccentricity of the orbit at the 9.5PN level, namely
The results will be presented in a forthcoming paper [29] . We show below the first few terms only, i.e.,
2 ) (u p ) = −2u
where
The spin-independent (O(a 0 )) terms are already known, but we have included them in Eq. (4) to show the interesting feature that the same coefficients (5) enter the PN expansion of the spin-dependent part, suggesting the following possible (partial) re-summation
to this order (only). Periastron advance -The GSF correction ∆k to the periastron advance for quasicircular orbits is related to the difference between the limit for vanishing eccentricity of ∆ψ, i.e., lim e→0 ∆ψ, and the corresponding quantity ∆ψ circ calculated for circular orbits as follows [25, 30] 
where the factorḠ ψ is given in Eq. (4.34) of Ref. [30] . The circular value ∆ψ circ has been computed in Ref. [15] through the 8 PN order, and improved up to the 9.5 PN order in Ref. [29] . Using Eq. (7) the GSF correction ∆k then turns out to be ∆k(y,â) = ∆k 
with coefficients 
The Schwarzschild term ∆k a 0 is fully known up to the same PN level in terms of the EOB function ρ [4, 23] . The agreement of the spin-dependent part with the PN expectation is shown in Ref. [29] .
In order to compare our analytical result with existing numerical studies [32, 33] we construct the related function W = K −2 =W + qW GSF + O(q 2 ), withW the corresponding Kerr background value, expressed in terms of the variable x = (M Ω φ ) 2/3 = y(1 + q) 2/3 , with M = m 1 + m 2 . The linear in mass ratio correction W GSF was estimated in Ref. [32] by combining the 3.5 PN prediction and available NR simulations for single-spin binary black hole systems with different mass ratios between 1/1.5 and 1/8 and spinâ = −0.5. The GSF correction was then extracted by a fitting procedure in the frequency range 0.012 < M Ω φ < 0.036 (see Eqs. (37)- (41) there). The correction to the periastron advance was instead calculated in Ref. [33] within the same GSF framework adopted here, but the solution to the first order perturbation equations and the metric reconstruction procedure were carried out through numerical methods. The function W GSF is given by Eq. (4) there, in terms of the numerically computed (averaged) components of the gravitational self-force along the orbit.
We show in Fig. 1 the behavior of W GSF in terms of the dimensionless azimuthal frequency M Ω φ for the valuê a = −0.5 of the black hole rotation parameter. At low frequencies, where the gravitational field is weak enough, all methods agree. As the frequency increases, i.e., as the strong field regime is approached, our analytical curve maintains closer to the numerical one of Ref. [33] than the NR-based estimate of Ref. [32] , even if the value of the black hole rotational parameter is not so small, being our result accurate up to the second order in spin only. We also provide in Table I a comparison between the numerical values of W GSF of Ref. [33] and our analytical result for a smaller value ofâ = 0.1, as an example, and the whole available range of frequencies, showing a better agreement.
Discussion -We have presented here the first analytical computation of the conservative part of the gravitational self-force correction to the periastron advance around a Kerr black hole, accurate to the second order in the rotational parameter and to the 9.5PN level. Our theoretical prediction satisfactorily agrees with existing numerical data in the weak field regime. We have also anticipated the first PN terms of the GSF correction to the precession angle of a gyroscope moving along a slightly eccentric equatorial orbit in a Kerr spacetime. We expect fruitful synergies informing other formalisms, e.g., the EOB model, as well as further improvements in the modeling of the dynamics of eccentric spinning binaries. 
